Motivated by the recent resonant inelastic x-ray scattering (RIXS) experiment for the electrondoped cuprates Nd 2−x Ce x CuO 4 with x ≈ 0.15, we compute the density-density correlation function in the t-J model on a square lattice by including interlayer hopping and the long-range Coulomb interaction. We find that collective charge excitations are realized not inside the particle-hole continuum, but above the continuum as plasmons. The plasmon mode has a rather flat dispersion near the in-plane momentum q = (0, 0) with a typical excitation energy of the order of the intralayer hopping t when the out-of-plane momentum q z is zero. However, when q z becomes finite, the plasmon dispersion changes drastically near q = (0, 0), leading to a strong dispersive feature with an excitation gap scaled by the interlayer hopping t z . We discuss the mode recently observed by RIXS near q = (0, 0) in terms of the plasmon mode with a finite q z . What kind of charge excitations can then occur at a relatively high energy in the normal metallic phase? In particular, recent resonant inelastic x-ray scattering (RIXS) for NCCO reveals a dispersive signal, which has a typical energy of 0.3 eV around q = (0, 0) and increases to 1 eV around q = (0.3π, 0) 14,15 . While it is not fully clear at the moment that those excitations can be understood also in terms of bond-order charge excitations 13 , one alternative possibility is plasmon excitations, whose energy is typically around 1 eV in cuprates as observed in optical measurements 16 and electron energy-loss spectroscopy (EELS) 17, 18 . In addition, the plasmon itself is a general phenomenon in an electronic system and is described by the usual on-site density-density response function, i.e., the dielectric function. Hence we expect generally that plasmon excitations become relevant to the charge dynamics especially in a high energy region.
I. INTRODUCTION
onset temperature of superconductivity in the presence of electron-phonon coupling 19, 20 and were also studied across the metal-insulator transition 21 . In particular, it was argued theoretically 22 that the plasmon can be detected by RIXS.
In this paper, we study plasmon excitations in the normal metallic phase by including the long-range Coulomb interaction V , which is crucially important to plasmons. We also include interlayer hopping as a generic model for cuprate superconductors and study the t-J-V model on a layered square-lattice. We invoke a large-N scheme formulated in the framework of the t-J model 23 , which successfully captures the recent RXS data for NCCO 13 .
We find that when q z (out-of-plane momentum transfer) is zero, the plasmon mode has a gap at q = (0, 0) and exhibits a weak dispersive feature away from q = (0, 0); here q denotes in-plane momentum transfer. At finite q z , however, the plasmon energy decreases substantially at q = (0, 0), but still retains a gap. This gap magnitude is scaled by the interlayer hopping amplitude t z . Away from q = (0, 0) the plasmon exhibits a dispersion similar to the experimental observation in electron-doped cuprates 15 . Our obtained results are expected to be general for layered cuprates, implying a similar plasmon mode also in hole-doped cuprates, which can be tested by RIXS.
Our theoretical study shares the importance of plasmons to the RIXS spectrum with
Ref. 22 . The differences from the previous work 22 are in the inclusion of t z , a functional form of the long-range Coulomb interaction, and a strong-coupling theory formulated in the t-J model. These differences, mainly the former two, yield charge excitation spectra different from Ref. 22 .
In Sec. II we describe the model and formalism. Our results are presented in Sec. III and discussed in Sec. IV. Conclusions are given in Sec. V.
II. MODEL AND FORMALISM
Cuprate superconductors are layered materials where the conducting electrons are confined to the CuO 2 planes, which are weakly coupled to each other along the z direction.
In order to address the recently observed charge excitations near q = (0, 0) 14,15 , we study the t-J model on a square lattice by including both interlayer hopping and the long-range Coulomb interaction, namely a layered t-J-V model:
where the sites i and j run over a three-dimensional lattice. The hopping t ij takes a value t (t ′ ) between the first (second) nearest-neighbors sites on the square lattice whereas hopping integrals between the layers are scaled by t z and we will specify the out-of-plane dispersion later [see Eq. (9)]. i, j indicates a nearest-neighbor pair of sites on the square lattice, and we consider the exchange interaction only inside the plane, namely J ij = J because the exchange term between adjacent planes is much smaller than J (Ref. 24) . V ij is the long-range Coulomb interaction on the lattice and is given in momentum space by
where
These expressions are easily obtained by solving Poisson's equation on a lattice 25 . Herẽ ǫ = ǫ /ǫ ⊥ , and ǫ and ǫ ⊥ are the dielectric constants parallel and perpendicular to the planes, respectively, and they are positive; V (q) is thus positive for any q; a and d are the lattice spacing in the planes and between the planes, respectively; e is the electric charge of electrons. In the present study, momentum is measured in units of the inverse of the lattice constants in each direction, namely a −1 along the x and y direction and d −1 along the z direction.c † iσ (c iσ ) is the creation (annihilation) operator of electrons with spin σ (σ =↓,↑) in the Fock space without double occupancy. n i = σc † iσc iσ is the electron density operator and S i is the spin operator.
We analyze the model (1) in terms of a large-N expansion formulated in Ref. 23 for Hubbard operators. While it was formulated for the purely two-dimensional t-J model, it is straightforward to extend it to the present layered model. Since the method was described in previous papers 23, 26, 27 , here we reproduce only the main details. In the large-N scheme, the charge excitations are described by a six-component bosonic field, namely δX a with a = 1, 2, · · · , 6. δX 1 describes on-site charge fluctuations and δX 2 fluctuations around the mean value of a Lagrange multiplier associated with the constraint of non-double occupancy. 
Here a and b run from 1 to 6, ω n is a bosonic Matsubara frequency, and 
with J(q) = J 2 (cos q x + cos q y ). Π ab (q, iω n ) are the bosonic self-energies at leading order:
The factor N in front of Eqs. (5) and (6) comes from the sum over the N fermionic channels after the extension of the spin index σ from 2 to N, whereas N s and N z are the total number of lattice sites on the square lattice and the number of layers along the z direction, respectively. The electronic dispersion ε k may be written as
where the in-plane dispersion ε k and the out-of-plane dispersion ε ⊥ k are given by, respectively,
The functional form (cos k x − cos k y ) 2 in ε ⊥ k is frequently invoked for cuprates 28 . Here δ is given δ, µ and ∆ are determined self-consistently by solving
where n F is the Fermi function. The six-component vertex h a in Eq. (6) is given by
We compute the on-site density-density correlation function in the present large-N framework. After summing all contributions up to O(1/N), we obtain
Thus, the density-density correlation function is connected with the component (1, 1) of the
Although the physical value is N = 2, the large-N expansion has several advantages over usual perturbations theories. First, in contrast to usual random-phase approximation found by RXS 11 . We therefore believe that the large-N theory is a powerful approach to explore charge excitations in cuprates.
III. RESULTS
In what follows we present results for the parameters J/t = 0.3 and t ′ /t = 0.30 which are appropriate for electron-doped cuprates 13 . The number of layers we take are 30, which is sufficiently large. We take t z = 0.1t, for which we checked that the topology of the Fermi surface is the same as that for t z = 0 in the doping region we will consider. Since that choice of t z may be rather arbitrary, we will present the t z dependence of our main results.
Concerning the long-range Coulomb interaction [Eq. (2) We compute the spectral weight of the density-density correlation function Imχ c (q, ω)
after analytical continuation iω n → ω + iΓ (14) in Eq. (13) . The value of Γ is positive and is in principle infinitesimally small. We choose Γ = 10 −4 t for numerical convenience in most of cases and will clarify the Γ dependence of our main results. Figure 1 shows a map of the spectral weight Imχ c (q, ω) in the plane of excitation energy ω and in-plane momentum q along symmetry axes of (π, π) − (0, 0) − (π, 0) − (π, π). Below ω ∼ 0.8t, there is a particle-hole continuum coming from individual charge excitations. The continuum does not depend much on q z except that the spectral weight is slightly enhanced along (π, π) − (0, 0) − (π, 0) for q z = π compared with that for q z = 0. In the figure the continuum for q z = 0 is presented. We find no strong spectral weight near zero energy, implying that there is no charge order tendency associated with χ c (q, 0), namely the (1, 1) component in the bosonic propagator of Eq. (4). Instead various charge orders can occur in the components specified by a = b = 3, 4, 5, and 6 as shown previously 26, 27 . In a high energy region, there is a sharp and strong weight for q z = 0. This is a particle-hole bound state realized above the continuum, namely a plasmon. The plasmon energy at q = (0, 0)
is around ω p = 0.7t. Its dispersion is characterized by The dotted line denotes the upper boundary of a particle-hole continuum for q z = 0. The spectral intensity of the plasmon is by far higher than the continuum and is cut at 8 to get a better contrast for the continuum.
The dispersion looks quite flat near q = (0, 0), suggesting a very small value of a 2 . The coefficient of a 2 is approximated well by a formula obtained in the electron gas model 34 , which predicts a 2 = (3/10)v 2 F /ω p with v F being the Fermi velocity; we may consider an average of the Fermi velocity in our case. Because the bare hopping integrals t, t ′ , and t z are renormalized by a factor of δ/2 in Eq. (7), our Fermi velocity becomes rather small at δ = 0.15. This is a major reason why the plasmon dispersion is very flat near q = (0, 0) in Fig. 1 .
The plasmon dispersion changes drastically around q = (0, 0) when q z becomes finite.
As a representative, we plot the plasmon dispersion for q z = π in Fig. 1 . While the plasmon dispersion remains essentially the same as that for q z = 0 far away from q = (0, 0), the plasmon energy softens substantially near q = (0, 0) and exhibits a strong dispersion there, in sharp contrast to that for q z = 0. The plasmon has a quadratic dispersion near q = (0, 0). Figure 2 shows how the plasmon dispersion changes as increasing q z from zero to π.
Recalling that plasmons originate from the singularity of the long-range Coulomb interaction singularity, the plasmon dispersion becomes very sensitive to a slight change of q z from zero for a small q . This strong q z dependence of the plasmon mode was also obtained in literature 19, 20, 22 , although t z = 0 was assumed there.
In Fig. 3 we shows the t z dependence of the plasmon energy at q = (0, 0) for several choices of q z . At q z = 0, the plasmon energy is almost independent of t z . For a finite q z , its t z dependence becomes completely different from that for q z = 0. As expected from in the electron gas model 34 , where n 0 is the electron density and m is an electron mass, the hardening of the plasmon with carrier doping might be surprising since we would assume n 0 = 1 − δ.
However, electronic charge is introduced by carrier doping in the t-J model and there is no plasmon at half-filling 32 . We thus expect that the plasmon energy becomes higher with carrier doping at least close to half filling as shown in Fig. 4 . See also Appendix B, where the plasmon energy is studied in the entire doping region 0 < δ < 1.
So far we have focused on calculations at temperature T = 0. Now we study the effect of temperature. In Fig. 5 (a) we plot Imχ c (q, ω) at q = (0, 0, π) for several choices of temperatures. Surprisingly, not only the peak width but also the peak height is essentially unchanged with increasing T (< 0.06t), although the peak position shifts slightly in a nonmonotonic way: with raising temperature, the peak energy first increases a little bit and then decreases above T ≈ 0.025t. This behavior reflects a weak temperature dependence of Reχ c (q, ω) around ω ∼ 0.2t. If we invoke an unphysically large T , e.g., more than 500 K, which may correspond to T > 0.05t if t/2 = 500 meV 35, 36 , the plasmon energy decreases and its peak height is gradually suppressed with further increasing T , keeping the peak width almost unchanged.
On the other hand, the peak height is quite sensitive to the damping factor Γ introduced in Eq. (14) . Figure 5 (b) shows Imχ c (q, ω) at q = (0, 0, π) at T = 0 for several choices of Γ.
With increasing Γ the peak loses intensity and becomes slightly broader.
While we have taken Eq. (9) as the out-of-plane dispersion, we made the same calculations also for
and found qualitatively the same results. We thus expect that our major results do not depend on details of the out-of-plane dispersion.
IV. DISCUSSIONS
We have studied plasmon modes, which are particle-hole bound states realized above the continuum (see Fig. 1 ), in a layered t-J model by including the long-range Coulomb interac-tion. The plasmon dispersion is the usual optical mode at q z = 0, but the dispersion changes drastically by shifting q z slightly from zero (Fig. 2) . The resulting dispersion becomes strong near q = (0, 0) and its energy at q = (0, 0) is scaled by t z (Fig. 3) .
Since the value of q z is usually finite and well away from zero in RIXS, we consider that the mode observed by Lee et al. 15 can be associated with the plasmon mode with a finite q z , typically with q z = π (Figs. 1 , 2, and 4) . The gap magnitude at q = (0, 0) obtained by the experiment 15 is therefore interpreted to be proportional to the interlayer coupling t z (Fig. 3) . agrees with experimental observation within a factor of 1.5. In optical measurements 16 and EELS 17, 18 , the value of q z is zero. We thus expect naturally a large plasmon energy of the order of t. The q 2 dependence of the plasmon 17,18 is nicely captured, but our coefficient a 2 [see Eq. (15)] is smaller than the experiments. In spite of these quantitative differences between the present theory and the experiments, our interpretation has the advantage to provide a consistent understanding of the mode recently found by Lee et al. 15 and the mode observed by optical measurements 16 and EELS 17, 18 by invoking a different value of q z . This possibility was not considered by Lee et al. 15 .
The mode observed by Lee et al. 15 exhibits a hardening with increasing carrier doping away from q = (0, 0). This hardening is captured clearly in a large |q | region for q z = π as shown in Fig. 4 . In the vicinity of q = (0, 0), on the other hand, Lee et al. 15 reported a softening by comparing data at x = 0.147 and 0.166, which, however, looks quite subtle, whereas we have found a very small change even between δ = 0.15 and 0.20. More comprehensive measurements for various dopings near q = (0, 0) may be useful to make a further comparison. For q z = 0, on the other hand, the hardening of the plasmon with increasing δ is consistent with experimental observation 37 .
The temperature dependence of the charge excitation intensity obtained by Lee et al.
15
could be understood within our framework. As shown in Fig. 5 , the peak intensity of the plasmon is rather delicate. Within a realistic range of temperature in Fig. 5 (a) (< 0.05t), not only the peak position but also the peak height and peak width do not change much.
However, the peak height strongly depends on the damping factor Γ as shown in Fig. 5 (b) .
While Γ is introduced in the analytical continuation in Eq. (14), Γ may mimic a self-energy effect, especially for a relatively high energy region that we are interested in, because the imaginary part of the self-energy may not depend much on momentum and energy there.
This feature allows us to consider the first term of the self-energy, namely a constant term, in Taylor series with respect to momentum and energy around the plasmon energy at q = (0, 0, π). If we invoke that Γ decreases with decreasing temperature, we may understand the temperature dependence of the charge excitation intensity at δ = 0.166 observed by Lee et al. 15 . In contrast, the corresponding data at δ = 0.147 in the experiment 15 exhibits a much weaker temperature dependence, which can be due to a smaller temperature dependence of Γ in the corresponding temperature region.
In Ref. 14, a charge excitation peak near q = (0, 0), which seems the same signal reported in Ref. 15 , was interpreted in terms of individual particle-hole excitations, not a collective mode such as the plasmon. If the individual excitations are responsible for that, one would expect a gapless excitation spectrum at q = (0, 0). It is therefore worth performing RIXS measurements more in detail near q = (0, 0) to clarify whether the gap is indeed present at q = (0, 0) or not, which is a crucial test of our interpretation of plasmons.
As frequently seen in standard textbooks in condensed matter physics 34 , a plasmon mode is often presumed to overdamp as momentum transfer becomes large because of the mixture with the particle-hole continuum. Such a result is obtained in an electron gas in a continuum model. On the other hand, in a layered system defined on a lattice, which is more realistic to cuprates, we find that the plasmon is well separated from the particle-hole continuum up to the zone boundary (see Fig. 1 ). It is, however, noted that the present one-band model contains only intraband scattering processes and in general there should be also various interband scattering processes in real materials. The plasmon is thus likely overdamped due to the mixture of the interband excitations. At present, available data 14 suggest that the interband spectral weight is dominant only rather close to q = (0, 0) around ω = 2 eV.
Hence it is interesting to test how the mode observed by Lee et al. 15 disperses for a large |q |.
The two experimental works, Refs. 14 and 15, should not be mixed with Ref. This data can be interpreted in terms of d-wave bond-order charge excitations described by the third and fourth components of D ab in Eq. (4), as shown in our previous work 13 .
While the long-range Coulomb interaction was not considered previously 13 , its impact on the d-wave bond-order is expected to be very weak since the D 11 and D ab with a, b = 3, 4
are almost decoupled with each other 26, 27 .
The present study can be highlighted also through a comparison with previous theoretical studies of plasmons in cuprates. First, we share a strong q z dependence of the plasmon dispersion with early theoretical studies 19, 20, 22 . Second, previous calculations [19] [20] [21] [22] did not take the interlayer hopping t z into account and reported a gapless dispersion for a finite q z . However, we have shown a striking insight that the plasmon mode has a sizable gap with a quadratic dispersion near q = (0, 0) for a finite q z because of a finite interlayer hopping t z . This aspect is very important to study charge excitations in cuprates. Third, Our obtained results (Fig. 1) 
V. CONCLUSIONS
In summary, we have studied plasmon excitations in the t-J model by including an interlayer coupling and the long-range Coulomb interaction as a generic model of the layered cuprate superconductors. We have found that the plasmon dispersion exhibits a strong q z dependence in the vicinity of q = (0, 0) ( Figs. 1 and 2 ). For q z = 0 the plasmon has a large energy gap of the order of t near q = (0, 0), which may be associated with the mode observed in optics 16 and EELS 17, 18 . For a finite q z , on the other hand, the plasmon energy is substantially suppressed to a low energy at q = (0, 0) and exhibits a strong dispersive feature (see Figs. 1, 2, and 4) . We have also found that the plasmon energy at q = (0, 0) for a finite q z is scaled by the interlayer hopping amplitude t z (Fig. 3) . Since q z is in general finite in RIXS measurements, the mode observed by Lee et al. 15 can be associated with the plasmon mode with a finite q z . The present results should not be mixed with a recent observation of a short-range charge order by RIXS 11 . Within essentially the same large-N framework as the present one, that charge-order peak was interpreted in terms of the dwave bond-order correlation function 13 , which has a dominant spectral weight far away from q = (0, 0) and in energy much lower than the plasmon. While we have presented results for a parameter set appropriate for electron-doped cuprates, our results are expected to be applicable to hole-doped cuprates at least in the normal state in the overdoped side where the effect of the pseudogap is substantially weakened, implying that the plasmon mode will be observed by RIXS also in hole-doped cuprates. 0.5t as a function of q , which may be applicable to a layered material with strong three dimensionality. Interestingly, the dispersion for q z = π has a negative curvature at q = (0, 0) and forms local minima at q ≈ (0.3π, 0) and (0.2π, 0.2π). For a larger |q |, the dispersion for q z = π shows a dependence similar to that for q z = 0. In Fig. 4 , we have presented the plasmon dispersions for several choices of δ. Figure 7 is a complementary result by plotting the plasmon energy at q = (0, 0) as a function of δ. The plasmon energy for both q z = 0 and π increases with δ at least in a doping region
